provides the thickness, sheet resistance before superconducting transition, and critical temperature determined by a 50% drop in the normal state resistance for all the a:InO samples studied in this work. MoGe030 is an amorphous molybdenum-germanium (MoGe) thin film that has been deposited by magnetron sputtering from Mo78Ge22 composite target fabricated KJ Lesker company. We used Si substrate covered with a 60-nm-thick layer of SiN grown by chemical vapor deposition. Prior to the deposition of the MoGe film, a 3-nmthick underlayer of amorphous Ge was deposited. This underlayer is critical for the growth of the homogeneous MoGe films [1] . For oxidation protection the films were covered by a 10-nm-thick layer of Ge. All layers were deposited without breaking vacuum (base value 5 × 10 −8 Torr) via the same shadow mask made in thin stainless steel plate. the maximum sheet resistance reached before the superconducting transition. T c is the superconducting critical temperature.
II. AMORPHOUS MOLYBDENUM-GERMANIUM THIN FILM
To test the universality of our results on the anomalous dependence of the critical magnetic field on temperature, we repeated the measurements on another material, that is, amorphous molybdenum-germanium (MoGe), whose parameters are given in Table S1 . Fig- ure S1a displays the magnetoresistance curves of this sample measured at different temperatures. Similar to the case of the a:InO samples, the transition to the normal state becomes steeper upon decreasing temperature, indicating strong vortex pinning. The temperature dependence of the critical field, B c2 (T ), extracted from these magnetoresistance data at 50% of the normal state resistance is shown in Fig. S1b together with a fit of the mean-field theory of dirty superconductors [12, 13] . A clear low-T anomaly develops below 0.6 K with a nearly linear increase of B c2 (T ) on lowering further the temperature. 3/2 . The relatively large scattering of the data, in particular below the red line, is a consequence of early switch caused by a sudden vortex de-pinning. We believe that these unstable de-pinning events, that are not seen in a:InO samples, are due to a lower pinning strength in the MoGe film (which has much lower sheet resistance and higher carrier density than a:InO).
To conclude, the study of a second material consistently confirms that, in disordered thin films, the de-pinning critical current is proportional to the de-pairing current with a meanfield scaling j c ∝ (B jc c − B) 3/2 . Moreover, the data obtained for the MoGe film demonstrate the generality of our explanation for the origin of the low-T anomaly of the critical field.
III. DIFFERENTIAL RESISTANCE
In this section we present the full set of data used to extract the temperature dependence of the critical current as shown in Fig. 4b of the main text. Figure S2 displays the differential resistance dV /dI curves versus current, measured at different temperatures and magnetic fields. The applied dc current was swept from negative to positive values while measuring the differential resistance with a lockin amplifier technique and an ac current modulation of 1 nA. Temperature was carefully monitored with an on-chip thermometer (see Methods).
For all set of curves, a resistance jump develops at low temperature for a given current threshold. This current threshold is slightly hysteretic, that is, depends on the direction of current sweep. In this work, the critical current is identified as the current threshold on the switching to the resistive state at positive current values. Below the critical current, the differential resistance exhibits an exponential increase with the applied current. This exponential increase persists even at high temperatures when the jump is absent and replaced by a smeared crossover to the resistive state.
The exponential increase of the differential resistance in our films relates to vortex creep.
Vortex motion is apparent in the temperature dependence of the resistance at zero bias shown in Fig. S3 , which exhibits an activated behavior down to our lowest temperature.
This activation at zero bias results from thermally assisted flux-flow with a barrier
that is a function of the magnetic field. At non-zero bias, the Lorentz force applied to the vortices by the driving current reduces the activation barrier in the following way:
where
is a current density related to the superconducting coherence length ξ, the thickness d and the distance between two potential wells L (ς being a constant). As a result, the differential resistance grows exponentially with both T and j, This vortex creep picture describes very well our data in which a systematic exponential increase of the differential resistance on increasing current is invariably observed at low temperatures below the critical current.
To investigate the I-V characteristics above the critical current, we numerically integrated the differential resistance curves shown in Fig. 4a of the main text. The resulting I-V 's are shown in Fig. S4 . At the lowest temperatures, a non-zero voltage sets in above the critical current and then raises linearly on increasing further the bias current. This linear I-V curves indicate an ohmic regime of flux-flow that is shifted by an excess current offset corresponding to the critical current. Such peculiar behavior were observed earlier in various disordered superconductors [6] [7] [8] [9] and have been recently interpreted as a signature of vortex creep persisting beyond the critical current when vortices are stronly pinned [10, 11] . 
IV. JOULE OVERHEATING SCENARIO
Joule heating is ubiquitous in non-equilibrium measurements. At low temperature, when the electron-phonon coupling is weak, dissipation due to an applied bias can potentially induce electron-overheating and subsequently, non-linear I-V characteristics [3] . This is particularly true with disordered conductors when the resistance is large and exhibits a diverging temperature dependence due to transition into insulating or superconducting states.
In disordered insulators, such as the high field regime of the B-induced insulator in a:InO films, non-linearities in the I-V 's mainly stem from electron-overheating [4, 5] . At very low T , when the bias voltage V reaches a voltage threshold V th , these non-linear I-V 's exhibit an hysteretic current jump of several orders of magnitudes between a high resistive state at V < V th and a low resistive state at V > V th . The hysteresis and current jump have been proven to be a direct consequence of a thermal bistability of the electronic system driven by
Joule overheating [4, 5] .
In this section we address the possibility that the resistance jumps and the accompanying non-linearities we observe near B c2 (0) in our moderately disordered superconducting a:InO films result from a similar electron overheating and thermal bistability.
For this purpose, we analyze the heat balance equation [4, 5] :
where Γ is the electron-phonon coupling constant, Ω the sample volume, T ph is the phonon bath temperature as measured by the on-chip thermometer, and α the exponent describing the electron-phonon heat transfer. The left-hand-side of the equation describes the heat pumped into the electronic system by the applied current, while the right-hand-side corresponds to the heat dissipated to the lattice due to electron-phonon interactions. Since R(T el ) is a steep function of the temperature near B c2 (T ) (see Eq. (S2)), a small change in T el yields a large change in the resistance and hence, a significant non-linearity in the I-V . Next, we follow the analysis of Ref. 4 : Using the experimental data for R(T el ) and the I-V curves, we find the electrons temperature as a function of the current. To extract the temperature, we assume that R(T el ) is a smooth exponential function of the temperature, as measured at low current. Finally, we check that the calculated T el satisfies the heat balance equation (Eq. S3). If the later is correct, the jump in the resistance can be attributed to heating effects, and the critical current is not a property of the superconducting state.
A. Heating analysis of the data at B = 11.25 T
We demonstrate the analysis of the heat balance equation on the data presented in Fig. 4a , which was measured at B = 11.25 T. We start by numerically integrating the dV /dI curves to extract the voltage drop across the sample. Figure S5 displays the resulting I-V 's in a semilog scale for different temperatures. Notice that although no voltage jump is observed at at T = 0.06 K, we still find a resistance jump (see Fig. 4a ). For the lowest T , the integrated voltage below the current threshold is not shown since the differential resistance measurement remains below the noise level of our apparatus. A polynomial fit of the zerobias resistance curve, R I→0 (T el = T ph ), shown in Fig. S3 is used to extract the electronic temperature as a function of the current for each I-V curve. The resulting T el versus current curves are presented in Fig. S5b . The effective electronic temperature raises by a factor two once the film transfer into the resistive state above the critical current. We turn to computing the dissipated power P for each I-V , and we plot it as a function of T el in Fig S6a. The resulting curves collapse at high power and high T el , i.e., in the resistive state above the critical current. Such a collapse is typically an indication that some electron overheating takes place in this regime. Furthermore, it enables us to assess the exponent α of the heat balance equation (S3). We find α 5.5, which is slightly different from α = 6 found in the high field regime of the B-induced insulator of a:InO films near the superconductor-insulator transition [4] . To self-consistency check the heat balance, we plot in Fig. S6b the power P as a function of T
5.5
el − T
ph . In case of a purely heating-related non-linearities, we expect a collapse of all data on a straight line of slope 1 which confirms the heat balance equation. The resulting plot displayed in Fig. S6b displays a collapse of the data at P > 10 −13 W on a straight line of slope 1 (the dashed line is a guide for the eyes with a slope 1) similar to that in Fig S6a. Inspecting Fig. S5a , we obtain that this collapse occurs at voltage and current ranges (≥ 1 µV and ≥ 100 nA) that are well above the resistance jump (or the steep increase replacing the jump at high T ). For P < 10 −13 W, however, the data conspicuously does not collapse. This demonstrates the breakdown of the heating scenario and/or the assumption of intrinsic linearity of the system in the low-P regime of the data. We note that small variation of α in this plot does not enable to recover a collapse of the low-power data. 
B. Vortex creep below the critical current versus heating scenario
The combination of an exponentially suppressed zero-bias resistance (Eq. (S2)) and the heat balance equation (S3) can lead to a thermal bistability, and consequently a voltage jump as a function of the current. In this section, we show that such bistability cannot describe the resistance jump observed in the vicinity of B c2 (0) in our samples, nor the sub-critical current resistance that we attribute, instead, to vortex creep. We apply here a reverse analysis similar to that performed in Ref. [4] for the insulating state: We numerically calculate the I-V curves directly from the heat balance equation (S3) with the data at T ph ≥ 0.06 K. Notice that switching (retrapping) current is defined at the transition from the low (high) resistance state to the high (low) resistance state. Second, the retrapping current is constant, independent of T ph , whereas it increases on decreasing T ph in the actual experimental data (see Fig. 4a of the main text and Fig. S2 ). Third, the switching current increases with decreasing T ph much more rapidly than the data.
The agreement between data and simulations for T ph ≥ 0.06 K confirms the analysis of the previous section where the heat balance equation was reproduced by the data at high power (Fig. S6) . However, the voltage jumps seen in these simulations, which result from thermal bistability similar to that found in the insulator [4, 5] , clearly do not match with the resistance jump observed experimentally. One key difference is the constant rettraping current in the simulation (independent of T ph ), which results from the fact that, when sweeping the current from the resistive state to zero-bias, the electron bath is overheated to a temperature T el > T ph that is independent of T ph . In the data of Fig. 4a and Fig. S2 , the retrapping current increases when T ph is lowered, indicating that another mechanism, namely vortex depinning, is in play and drives the resistance jump. Still the small asymmetry between rettraping and switching currents in the data is most likely a residual effect of overheating in the resistive state that decreases the value of the critical current at the retrapping current. At last, the fact that the simulation fails to reproduce the switching current for T ph < 0.06 K -the computed switching current diverges much faster that the datafurther demonstrates that the resistance jump does not result from a thermal bistability. We finish our discussion on a last but major difference between the simulated I-V 's and the data. Below the critical current, an exponential increase of the differential resistance with the applied current is systematically observed in our data (see Fig. 4a and Fig. S2 ). We show in Fig. S8 the differential resistance dV /dI numerically computed from the simulations shown in Fig. S7 . We clearly see that, below the switching current, the dependence of the differential resistance on applied current is not exponential at all, marking a stark difference with the data.
In conclusion, the non-linearities in the I-V 's in the superconducting state near B c2 (0) are intrinsic and results from the vortex glass state. The exponential increase of the resistance below j c is the signature of vortex creep and the resistance jump signals depinning of the vortex glass. Overheating is still present in the resistive state at large current but does not affect the vortex physics below the critical current. At high bias above the critical current, it is not clear however how to disentangle heating effects with thermal creep interpretation that has been put forward recently [10, 11] . The role of dissipation in this high current regime deserves further theoretical and experimental attention that goes beyond the scope of this work. We show in this section the evolution of the switching current with magnetic field B ≈ 2, but the switching current does not. This, again, demonstrates that the thermal bistability interpretation cannot account for the resistance jump nor for the mean-field scaling of the critical current that has been observed in this work.
